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We discuss the localization behavior of quantum particles in a one-dimensional Anderson model with
self-affine random potentials, characterized by a Hurst exponent H⬎0. Depending on H and energy E, a new
type of ‘‘strong’’ localization can occur, where all states are localized in a way different from the regular
Anderson localized states. Using scaling arguments, we derive an analytical expression for the phase diagram
and test it by numerical calculations. Finally, we consider a somewhat related model where the variance of the
potential fluctuations is kept fixed for all system sizes L and a transition between localized and apparently
extended states has been reported.
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I. INTRODUCTION

In the past decades, the question of localization in disordered systems has attracted much interest 共for reviews see,
e.g., Refs. 1,2兲. In this work, we discuss, how localization is
changed, when the disorder is spatially long-range correlated. We focus on one-dimensional systems and consider
single-particle electronic wave functions in the tight-binding
approximation. In this approximation, the Schrödinger equation becomes
E  n ⫽V n,n⫺1  n⫺1 ⫹ ⑀ n  n ⫹V n,n⫹1  n⫹1 .

共1兲

Here, E is the energy eigenvalue, 兩  n 兩 2 is the probability to
find an electron at site n, ⑀ n are the site potentials, and
V n,n⫺1 ⫽V n⫺1,n and V n,n⫹1 ⫽V n⫹1,n are the hopping terms
between nearest-neighbor sites. In the following, we concentrate on the Anderson model with diagonal disorder, where
all hopping terms are set to unity and only the ⑀ n are
disordered.
It had long been believed that all states of the onedimensional Schrödinger equation in a random potential are
localized exponentially.3,4 However, asymptotic exponential
localization throughout the energy band in one dimension
was rigorously proven only for completely uncorrelated random potentials.1,5
Meanwhile, several systems with differing behavior have
been found. Some systems with correlated disordered potentials exhibit a certain amount of extended states. Among
these, we can distinguish between long- and short-range correlated potential models. An example for the latter are
random-dimer models, where the local potential has a binary
distribution and one of the two values 共here: ⑀ A ) occurs always pairwise, giving, e.g., chains with series of site energies

⑀A ,⑀A ,⑀B ,⑀A ,⑀A ,⑀A ,⑀A ,⑀B ,⑀B ,⑀A ,⑀A ,⑀B , . . . .

Extended states occur also in certain one-dimensional incommensurate systems,10,11 which can be viewed as systems
with special long-range correlations. Here, the site energies
are described by a periodic function ⑀ n ⫽V(n  ), whose period 2  /  is incommensurate with the lattice periodicity,
i.e.,  is an irrational number. Most common is the Harper
model,11 where V(n  )⫽(w/2) cos(2n). In this model a
localization-delocalization transition occurs. All states are
extended for w⬍w c ⫽4 and localized for w⬎w c .
In Ref. 12 the inverse localization length was calculated
for one-dimensional systems with stationary long-range correlated potentials, among them incommensurate systems, in
an analytical perturbative approach for energies not too close
to the band center or to the band edges. It was shown, how to
construct site potentials ⑀ n , that lead to preset localizationdelocalization transitions. The mobility edges of these systems were demonstrated experimentally by microwave transition measurements on waveguides with inserted correlated
scatterers.13 In view of the following discussion, we would
like to stress that this construction was developed for stationary potentials ⑀ n Ⰶ1 共see below兲.
In this paper, we deal with another type of exception,
namely with wave functions that are localized, but do not
decay in an homogeneous way. We consider the Anderson
model in a self-affine landscape. The aim of this paper is to
elucidate the conditions leading to nonexponential localization in this case. The crucial point is that the fluctuations of
self-affine systems increase with system size. Self-affine potentials are therefore nonstationary. To estimate these fluctuations, we note that the local potentials ⑀ n are given by the
trace of a fractional Brownian particle with Hurst exponent
H⬎0.14,15 Accordingly, the fluctuations of the potential increase with increasing length scale l as

共2兲

具 共 ⑀ n⫹l ⫺ ⑀ n 兲 2 典 ⬃l 2H .

共3兲

6

It has been theoretically predicted and numerically proven
by transfer-matrix methods7,8 that a discrete number of the
eigenstates are extended. Experimental evidence for these
extended states has recently been gained by transmission
measurements on random-dimer semiconductor superlattices.9
0163-1829/2001/64共13兲/134209共8兲/$20.00

Consequently, the potential fluctuations increase with the
system size.
Recently, the occurrence of a localization-delocalization
transition was reported16,17 for a somewhat different model,
where one imposes the normalization condition
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共4兲 and calculate the phase diagram between apparently extended and localized states in this case.

II. MODEL AND METHODS

FIG. 1. Illustration of several normalized potential landscapes.
In 共a兲 four types of local potentials ⑀ n are shown: Uncorrelated
random potential 共top line兲, correlated potential with ␥ ⫽0.1, and
self-affine potential landscapes with H⫽1/2 and 3/4. The correlated
potential landscapes are shifted by integer multiples of 6. The
curves in 共b兲 show the same potential landscape with H⫽3/4, but
rescaled such that the variance  2 is kept fixed (  ⫽1) for all
system sizes considered (L⫽9⫻103 , 3⫻104 , and 105 ). It is obvious that for increasing system sizes the potential landscape becomes
smoother due to the rescaling.

 2 ⬅ 具 ⑀ 2n 典 ⫺ 具 ⑀ n 典 2 ⬅

1
L

L

兺

n⫽1

⑀ 2n ⫺

冉

1
L

L

兺

n⫽1

⑀n

冊

2

⫽1

共4兲

that keeps the fluctuations fixed for all system sizes L. This
normalization corresponds to dividing all ⑀ n by L H . In this
case the states near the center of the band seem to become
extended for H⬎1/2. However, as the normalization condition 共4兲 depends on the system size, the structural properties,
i.e., the local smoothness of the system now become lengthdependent. Larger chains are smoother than shorter chains
and this is the origin for the artificial localizationdelocalization transition,18 see also Ref. 19 关note Fig. 1共b兲,
which will be discussed later兴.
Here, we study the problem of Anderson localization on
self-affine potentials with and without renormalization. First,
in Sec. II, we explain, how our self-affine chains are constructed and how the localization lengths are calculated by
the transfer-matrix method. In Sec. III we consider the system without renormalization and show that a crossover towards strongly localized states occurs in this case. This
crossover is accompanied by large fluctuations of the localization length. In Sec. IV, we calculate the wave functions of
the strongly localized states and show that they decay nonexponentially and can thus be distinguished from the usual
Anderson localization. In Sec. V, we determine the phase
diagram that defines the crossover towards strongly localized
states in the E-H plane analytically and confirm it by numerical simulations. Finally, in Sec. VI, we consider selfaffine potentials with the additional normalization condition

In the most common form of the Anderson model 共1兲 with
diagonal disorder, the site potentials ⑀ n are uncorrelated random numbers with zero mean, chosen randomly from a uniform distribution of width w, i.e., ⑀ n 苸 关 ⫺w/2,w/2兴 . Here, w
is a positive constant determining the degree of the disorder.
This model has been thoroughly investigated both analytically and numerically, see, e.g., Ref. 1. The wave functions
are all spatially localized in one and two dimensions for any
degree of disorder. Apart from the regions near the band
edges, the localization length  scales as (w)⬃w ⫺2 for
small w.20 Accordingly, (w) diverges for w→0, but for
sufficiently large systems the eigenfunctions are always localized, if w⬎0.
Less is known for the case of correlated potentials, where
L
⑀ n ⑀ n⫹l
the correlation function C(l)⬅ 具 ⑀ n ⑀ n⫹l 典 ⬅(1/L) 兺 n⫽1
does not vanish for l⬎0. For long-range correlated potentials, C(l)⬃l ⫺ ␥ , with the correlation exponent ␥ (0⬍ ␥
⬍1), the variance  2 is independent of L and the series is
stationary. Results from the transfer matrix method, from
level statistics, and from a renormalization group technique
indicate that all eigenfunctions remain localized.16,17,21
Here, we focus on self-affine random potential landscapes, which may be considered having stronger correlations and can be described by a negative correlation exponent ␥ . They can be generated by random walks,22 Fourier
transform,15,23 or by the random midpoint displacement
method.14,15 The potential at site n⫹1 depends on the potential at site n by ⑀ n⫹1 ⫽ ⑀ n ⫹ ␦ n , where the increments ␦ n are
random numbers from an interval of mean 具 ␦ n 典 ⫽0 and fixed
variance ⌬ 2 ⬅ 具 ␦ 2n 典 . Regarding the correlations of the increments, three cases have to be distinguished: 共i兲 The ␦ n are
uncorrelated and the ⑀ n are thus essentially constructed by
the trace of a random walk, i.e., ⑀ n corresponds to the displacement of a random walker after n steps. Since the meansquare displacement 具 r 2 (t) 典 at time t obeys Ficks law for
large t, 具 r 2 (t) 典 ⬃t, we have 具 ( ⑀ n⫹l ⫺ ⑀ n ) 2 典 ⬃l for large l. 共ii兲
The increments ␦ n are long-range correlated with a correlation function 具 ␦ n ␦ n⫹l 典 ⬃l ⫺ ␥ ,0⬍ ␥ ⬍1 and the ⑀ n correspond
therefore to the trace of a fractional random walk 共see, e.g.,
Ref. 15兲, where 具 r 2 (t) 典 ⬃t 2H with the Hurst exponent H
⫽1⫺ ␥ /2, hence 1/2⬍H⬍1. Case 共i兲 corresponds to an
Hurst exponent of H⫽1/2. Landscapes with Hurst exponents
H⬎1 can be obtained by successive summations, using the
resulting potentials of the previous random walk as the increments of the following, and so on. Each new summation
will increase the Hurst exponent by 1. 共iii兲 The increments
␦ n are long-range anticorrelated, which means that sections
n⫹m⫺1
␦ i ⬎0 are
of increments with positive mean (1/m) 兺 i⫽n
most likely to be followed by sections of increments with
n⫹2m⫺1
negative mean (1/m) 兺 i⫽n⫹m
␦ i ⬍0 for all section sizes m.
In this case the potentials ⑀ n correspond to the trace of a
fractional random walk with 0⬍H⬍1/2. For all positive H,
the series are non-stationary and the fluctuations increase
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with increasing system size L according to Eq. 共3兲. Figure
1共a兲 shows, for illustration, potential landscapes for uncorrelated systems 共Anderson model兲, for correlated systems with
␥ ⫽0.1, and for self-affine systems with H⫽ 21 and H⫽ 43 .
In the following we consider two models. In the first
model, the variance ⌬ 2 of the increments ␦ n is kept fixed and
represents a measure for the local fluctuations. In contrast,
the variance

 2 ⬃ 具 共 ⑀ n⫹L ⫺ ⑀ n 兲 2 典 ⬃L 2H

⑀ n→

LH

共6兲

.

Figure 1共b兲 demonstrates that this rescaling smoothens the
sequences considerably for larger systems. If the sequences
are generated by the Fourier transform method15,23 共as done
in Refs. 16,17兲, the rescaling is implicitly contained in the
normalization factors.
In order to determine the localization behavior of the
eigenstates of Eq. 共1兲, we computed the localization lengths
(E) directly, following the well-known transfer-matrix
method.1,24 In the transfer-matrix algorithm, one writes Eq.
共1兲 as recursion equation in matrix form
Mn

冉 冊冉 冊
n

 n⫺1

⫽

 n⫹1
n

M n⫽

,

冉

E⫺ ⑀ n

⫺1

1

0

冊

.

共7兲

The inverse localization length is defined by
共 E 兲

⫺1

兺

冏 冏

1 L
⫽⫺ lim ln
,
0
L→⬁ L

␦  typ⬅exp

冋

M ⫽

兿

n⫽1

Hence, by diagonalizing M L , we obtain both eigenvalues and
thus the localization length . The  obtained this way may
fluctuate very strongly for different configurations. Therefore, in order to obtain the  for a given energy E, we averaged  for N⫽104 configurations  by different average procedures

冋

N

册

1
ln  (  ) ,
 typ⬅exp
N  ⫽1

冋

N

兺

1
 Lyap⬅
共  (  ) 兲 ⫺1
N  ⫽1
and

兺

册

共10兲

N

兺

␦  arith⬅

冋

N

1
共  (  ) 兲 2 ⫺ 共  arith兲 2
N  ⫽1

兺

共13兲

1/2

 Lyap ,

共14兲

册

1/2

1
 arith

.

共15兲

a n ⫽ 共 E⫺ ⑀ n 兲 a n⫺1 ⫺a n⫺2 ,

共16兲

a ⫺n ⫽ 共 E⫺ ⑀ ⫺n 兲 a ⫺(n⫺1) ⫺a ⫺(n⫺2)

共17兲

 0 ⫽a n  n ⫺a n⫺1  n⫹1 ⫽a ⫺n  ⫺n ⫺a ⫺(n⫺1)  ⫺(n⫹1)

共18兲

for n⫽1, . . . ,L ⬘ . For n⫽L ⬘ , the periodic boundary conditions  L ⬘ ⫹1 ⫽  ⫺L ⬘ and  ⫺(L ⬘ ⫹1) ⫽  L ⬘ can be inserted, and
after setting the starting value  0 ⫽1,  L ⬘ and  ⫺L ⬘ can be
calculated. Using these results, all  n and  ⫺n can be calculated recursively for n⫽L ⬘ ⫺1, . . . ,1 using Eq. 共18兲. By this
procedure, 共yet unnormalized兲 results for all  n , n
⫽⫺L ⬘ , . . . ,0, . . . ,L ⬘ are obtained. Since we use an odd
number of lattice sites, the only equation that still might not
be fulfilled is Eq. 共1兲 for n⫽0 关not included in Eq. 共18兲;
again with  0 ⫽1兴:

⑀ 0 ⫹  ⫺1 ⫹  1 ⫺E⫽0.
共11兲

,

for n⫽2, . . . ,L ⬘ . Using these coefficients, Eq. 共1兲 can be
recursively rewritten to become

⫺1

,

册

册冎

As we will see in the following, these fluctuations show
large maxima at transition and crossover points between
states of different localization behavior and we will use the
maxima as indicators for the positions of these points. The
same method has been used to determine the transition points
in the context of electronic wavefunctions in 1D random
periodic-on-average systems by Deych et al.25
To get more information about the localization behavior,
it is useful to determine not only the localization lengths and
their fluctuations but also to calculate some of the eigenfunctions of Eq. 共1兲 with diagonal disorder. We have used an
iteration procedure,26 which we briefly describe now. We
consider a chain of 2L ⬘ ⫹1 sites (n⫽⫺L ⬘ , . . . ,0, . . . ,L ⬘ )
with periodic boundary conditions. Starting with an initial
value for the energy E, we define the coefficients a ⫺1 ⫽E
⫺ ⑀ ⫺1 , a 0 ⫽1, and a 1 ⫽E⫺ ⑀ 1 , and recursively set

共9兲

Mn .

兺

1/2

and

L

L

再冋

N

1
ln2  (  ) ⫺ 共 ln  typ兲 2
N  ⫽1

1
␦  Lyap⬅
共 1/ (  ) 兲 2 ⫺ 共  Lyap兲 ⫺2
N  ⫽1

共8兲

where 兩  L /  0 兩 can be obtained for large L from the smallest
of the two eigenvalues of the product matrix

共12兲

We define the corresponding relative fluctuations ␦  of the
localization lengths by

共5兲

关see Eq. 共3兲兴 is a measure for the global fluctuations of the
system and increases with increasing system size L. In the
second model,  2 is kept constant by imposing the normalization condition 共4兲, which is equivalent to dividing the local potentials by L H ,

⑀n

N

1
 arith⬅
 ().
N  ⫽1

共19兲

This equation is only fulfilled if our starting value for E is an
eigenvalue. Hence, by varying the starting value for E successively until Eq. 共19兲 is fulfilled, we arrive at an eigen-
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FIG. 2. System size dependence of 共a兲 the localization lengths 
and 共b兲 its fluctuations ␦  for self-affine potential landscapes with
H⫽1/2 that have been generated by summing uncorrelated random
numbers with different variances ⌬ 2 . The calculations were performed by the transfer matrix method at E⫽0.5 共close to but not
directly at the band center兲 for 104 configurations. The symbols
indicate: typical averages 关Eqs. 共10兲,共13兲兴 for ⌬⫽0.005 (䉭), ⌬
⫽0.01 (䊐), and ⌬⫽0.02 (䉮); arithmetic average 关Eqs. 共12兲,共15兲兴
for ⌬⫽0.01 (䊉); Lyapunov average 关Eqs. 共11兲,共14兲兴 for ⌬⫽0.01
共filled diamonds兲.

value E and an eigenfunction  n , n⫽⫺L ⬘ , . . . ,0, . . . ,L ⬘ ,
which is normalized in the last step 共eliminating the arbitrary
choice  0 ⫽1).
III. STRONGLY LOCALIZED STATES: LOCALIZATION
LENGTH AND FLUCTUATIONS IN NONRESCALED
SELF-AFFINE ENERGY LANDSCAPES

For our numerical studies we first consider nonrescaled
self-affine potential landscapes generated by the random
walk method,22 where the fluctuations  2 of the potential
landscapes increase with L according to Eq. 共5兲. We first
show in Fig. 2, how the system-size dependent localization
length (L) and its fluctuations ␦  behave close to the band
center. We calculated (L) for different variances ⌬ 2 of the
increments and for the different averaging procedures of Eqs.
共10兲–共12兲. The localization behavior of the eigenstates can
be deduced from the dependence of (L) on the system size
L. For delocalized states 关with (⬁)ⰇL兴, (L) increases
linearly with L, whereas, for localized states 共in the usual
Anderson model兲 it approaches a constant value for L→⬁.
Note that the possible variety of scaling behaviors is more
rich in the case of rescaled potentials 共see Sec. VI兲.
Figure 2共a兲 shows for fixed energy E⫽0.5, how the localization lengths (L) behave with increasing system size L in
our case. For small L, (L) increases approximately linearly
with L, indicating delocalized states. Contrary to the behavior in the usual Anderson model, (L) does not cross over to
a constant value for large L, but drops sharply, after having
reached a maximum value. The drop occurs when the system
size L exceeds a limit value l that depends sensitively on ⌬,
H, and E, as well as on the averaging procedure. The value
of l will be derived in Sec. IV. For L⬎l, (L) decreases
monotonously with L. At L values much larger than all relevant length scales in the system, the decay becomes
smoother and the localization length  becomes several or-

FIG. 3. Plot of 共a兲 the typical localization length  typ 关Eq. 共10兲兴
and 共b兲 its fluctuations ␦  typ 关Eq. 共13兲兴 versus the energy E for
potential landscapes with H⫽1/2 for five system sizes: L⫽2 11
(䊐), L⫽2 13 (䊊), L⫽2 15 (䉭), L⫽2 17 (䉮), and L⫽2 19 (〫). 104
configurations have been considered in the averaging procedure.
The self-affine potentials have been generated by summing uncorrelated numbers ␦ n with ⌬⬅ 具 ␦ n 典 1/2⫽0.01.

ders of magnitude smaller than the maximum. Since in this
regime  is microscopic, we expect that single parameter
scaling27 does not hold in the limit of infinite system size for
nonrescaled self-affine systems.
This interesting behavior with decaying (L) is in contrast to the behavior of the localization lengths in the regular
uncorrelated Anderson model. Therefore, it is reasonable to
investigate the fluctuations ␦  of the localization lengths,
defined by Eqs. 共13兲–共15兲. They are shown in Fig. 2共b兲 for
the same parameters as in Fig. 2共a兲. The drop of (L) is
accompanied by large fluctuations ␦ , which show maxima
at the inflection point of (L). While the fluctuations of
 Lyap and  arith show a lot of noise in the crossover regime,
the fluctuations of  typ 共open symbols in Fig. 2兲 yield smooth
and symmetric curves. For very small and very large values
of L the fluctuations disappear and the different averages of
 approach each other for identical ⌬. In the following, we
concentrate on  typ .
Figures 3共a兲 and 4共a兲 show, for H⫽1/2 and H⫽3/2, the
typical localization length  typ(E) calculated by the transfer-

FIG. 4. Plot of 共a兲 the typical localization length  typ and 共b兲 its
fluctuations ␦  typ versus the energy E for potential landscapes with
H⫽3/2 for five system sizes 共same symbols as in Fig. 3兲. The
potential landscapes have been generated by double summation of
uncorrelated numbers ␦ n with ⌬⫽5⫻10⫺7 .
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FIG. 5. Three examples of strongly localized wave functions
共lower curves, right scale兲 with 共a兲 E⬇0, 共b兲 E⬇1, and 共c兲 E
⬇⫺1 in energy landscapes 共upper curves, left scale兲 with H⫽1/2,
where several site energies 共in the shaded regions兲 are larger than
E⫹2 or smaller than E⫺2. It can be seen in all cases that these
site-energies cause a sudden drop of the amplitude.

matrix method for several fixed system sizes over the whole
energy range and averaged over N⫽104 configurations according to Eq. 共10兲. For small system sizes and E near the
band center,  typ(E) increases approximately linearly with L,
indicating delocalized states. For large L and at the band
edges, however, this behavior is reversed:  typ(E) decreases
drastically with increasing system size. We refer to the states
in this regime as strongly localized states.
Figures 3共b兲 and 4共b兲 show ␦  for the same configurations as in 3共a兲 and 4共a兲, respectively. It can be clearly seen
that the fluctuations have maxima at the crossover that is
situated near the band edges for small system sizes L and
moves to the band center for larger L. For very large system
sizes, all states are strongly localized and the fluctuations of
 drop to very low values again. This enables us to determine the crossover towards strongly localized states by the
maxima in the fluctuations 共see also Ref. 25 and Sec. V兲.
IV. STRONG LOCALIZATION: WAVE FUNCTIONS

In order to determine the origin of these strongly localized
states, we have investigated the explicit form of the eigenfunctions. Figure 5 shows three examples of eigenfunctions
for E⬇0, E⬇1, and E⬇⫺1 together with the corresponding potential landscapes. Let us first look at the wavefunction
with E⬇0: It can be seen that the amplitude sharply drops at
sites where the local potential ⑀ n exceeds a value of 2 or ⫺2.
The drop increases drastically with increasing size of the
region where the potential is outside these bounds 共shaded
regions in Fig. 5兲. With increasing system size, the fraction
of sites with potentials exceeding the bound 兩 ⑀ n 兩 ⫽2 increases and the wave function becomes more and more
strongly localized.
For wave functions with eigenenergy E⫽0 the bounds for

strong localization are shifted by E and become 兩 ⑀ n ⫺E 兩 ⫽2,
as can be seen in Figs. 5共b兲,5共c兲. Now, the wave functions
drop, as soon as ⑀ n becomes larger than 2⫹E or smaller than
⫺2⫹E. This behavior can be understood by the following
considerations: If we apply Eq. 共1兲 to a linear chain with all
⑀ n ⫽0, the band of allowed eigenenergies is given by E
苸 关 ⫺2,2兴 . If all local potentials are the same, ⑀ n ⬅ ⑀ , Eq. 共1兲
depends only on (E⫺ ⑀ ) and not on E and ⑀ separately. In
this case, the band is shifted to values of 关 ⫺2⫹ ⑀ ,2⫹ ⑀ 兴 . For
fluctuating ⑀ n , we can define a local band, following the
potential landscape and ranging locally from ⫺2⫹ ⑀ n to 2
⫹ ⑀ n . In regions, where 兩 ⑀ n ⫺E 兩 exceeds 2, E is outside this
local band and the respective eigenstates are strongly
damped and show a sharp decay. In a very large self-affine
system, where the local potentials are growing towards very
large values, only strongly localized states can occur. These
considerations are valid for all self-affine potential landscapes with H⬎0. The ‘‘critical’’ system size, where the potential ⑀ n of one site exceeds the bound, defined by 兩 ⑀ n
⫺E 兩 ⫽2, for the first time, depends on H.
We would like to note that this strong localization behavior for self-affine potentials has to be distinguished from the
usual Anderson localization, where the wave functions have
an irregular structure and their amplitudes decay roughly exponentially. In contrast, in the case of strong localization, the
wave functions decay practically instantaneously, when the
self-affine potentials exeed the critical value. At the crossover towards strongly localized states, the potentials fluctuate between the upper and the lower bound and are thus
subsequently lying above and below the critical values. As a
consequence, decay regions and roughly constant regions alternate, yielding a nonexponential, patchy decay of the wave
functions. From this we can understand the large fluctuations
of the localization lengths in the crossover regime. We think
that the usual definition of localization lengths by the
Lyapunov exponent is not appropriate in this situation, because of the nonexponential decay of the wave functions.
Instead, the typical 共log兲 average and its fluctuations show a
much more smooth and symmetric behavior.
A different approach may measure the size of the region,
where the wave function is large. For values of H⬍1 this
can be done by random walk theory: We know that the wave
functions begin to become strongly localized, when 兩 ⑀ n ⫺E 兩
exceeds 2 within the system size L. The self-affine energy
landscape ⑀ n can be considered as the trace of a onedimensional random walk with the step length ␦ n ⫽ ⑀ n
⫺ ⑀ n⫺1 , where the ‘‘first passage time,’’ i.e., the number of
‘‘steps’’ l required for reaching a given ‘‘distance’’ ⑀ˆ scales
as

冉 冊

A 2 ⑀ˆ
l 共 ⑀ˆ 兲
⫽
A1
⌬

1/H

共20兲

.

Here, ⌬⬅ 具 ␦ 2n 典 1/2 is the mean step length and A 1 and A 2 are
nonuniversal parameters.15 Identifying ⑀ˆ with the minimum
of 2⫺E and 2⫹E, i.e., with 2⫺ 兩 E 兩 , we finally get
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The remaining parameters A 1 and A 2 have been determined
by separate calculations of l( ⑀ˆ ), as explained in the figure
caption of Fig. 6. Figure 6 shows, that the simple relationship
共22兲 describes surprisingly well the dependence of E c on ⌬,
on L and on H for self-affine potential landscapes with H
⬍1. The wave functions become strongly localized above
the crossover. The critical lines are symmetric, H(E)
⫽H(⫺E) and the extent of the regime of strongly localized
states 共upper part of Fig. 6兲 increases with increasing ⌬.

FIG. 6. Phase diagram for the Anderson model with self-affine
potentials generated by Fourier transform and following single summation. The crossover towards strongly localized states, obtained
from numerical simulations, is shown in the H-E plane for the
following lengths L and disorder strengths ⌬: L⫽2 16, ⌬⫽0.01
(䊐), L⫽2 16, ⌬⫽0.002 (䉺), L⫽2 16, ⌬⫽0.001 (䉭), and L
⫽2 18, ⌬⫽0.001 共filled squares兲, L⫽2 18, ⌬⫽0.0002 (䊉), L
⫽2 18, ⌬⫽0.0001 共filled triangles兲. The theoretical curves 关Eq.
共22兲兴 are included for each ⌬ by solid lines for L⫽2 18 and by
dashed lines for L⫽2 16. To determine the parameters A 1 and A 2 , we
have calculated l( ⑀ˆ ) for several values of H. By plotting ⌬l H / ⑀ˆ
versus H in a semilogarithmic scale 共see inset兲, we obtain A 1
⫽15.2⫾1.0 and A 2 ⫽0.58⫾0.03 by a linear fit 关see Eq. 共20兲兴.

as a characteristic length scale in the self-affine systems. This
relation will help to identify the crossover towards the regime of strongly localized states as shown in the following
section. We would like to note that the characteristic length
scale l(⌬,H,E) is distinct from the characteristic length
scale l s recently introduced by Deych et al. in Ref. 27 to
describe the crossover to regimes where single parameter
scaling is violated.
V. THE PHASE DIAGRAM IN A SELF-AFFINE ENERGY
LANDSCAPE

Next we investigate how the crossover towards strongly
localized states occurs. If the potentials ⑀ n reach the critical
value 2⫺ 兩 E 兩 within the system size, the states become
strongly localized. Therefore, it is obvious, that for sufficiently large values of L all states are strongly localized. For
sufficiently small chains and sufficiently small values of the
Hurst exponent H, on the other hand, l(E) can reach the
system size L 共or even larger values兲 and strongly localized
states can not occur. For fixed L, the critical lines H(E) can
be estimated with the help of Eq. 共21兲. If l(E) is smaller than
the system size, the states are strongly localized. For a given
system size L, we have therefore a critical energy E c , where
l(E c)⫽L, that defines a crossover towards a regime of strong
localization. Rearranging Eq. 共21兲, we get

冋

E c⫽⫾ 2⫺

冉 冊册

⌬ L
A2 A1

H

.

共22兲

Figure 6 shows the resulting phase diagram in the E-H
plane for several values of ⌬ and two values of L. The symbols have been obtained by transfer-matrix calculations, investigating again the fluctuations of the localization lengths.

VI. THE PHASE DIAGRAM IN A RESCALED
SELF-AFFINE ENERGY LANDSCAPE

Next we consider a related model of rescaled potential
landscapes, suggested by de Moura and Lyra,16 where the
variance  2 of the potentials is kept constant 关see Eq. 共4兲兴.
For sufficiently large values of  all states are strongly localized, while for sufficiently small values of  共and sufficiently large values of H), the local fluctuations of the rescaled potentials decrease drastically, and we can expect
apparent ‘‘extended’’ states 关see Fig. 1共b兲兴. In Ref. 16, an
approximate phase diagram has been determined for this apparent transition for one value of  . According to Ref. 16,
below H⫽1/2, only localized states occur.
For 1/2⬍H⬍1, we can again generate the potentials by
the trace of a random walk and find an analytical expression
for the critical lines that separate regions of localized states
from regions of apparently extended states. When the potentials are rescaled, the mean step length ⌬ depends on L and
on the variance  2 by

冉 冊

B1
⌬
⫽
B2
L

H

共23兲

,

where B 1 and B 2 are parameters, similar to A 1 and A 2 in Eq.
共20兲. Inserting Eq. 共23兲 into the relation 共22兲, we obtain for
the critical energy E c

冋

E c⫽⫾ 2⫺ 

BH
1 B2
AH
1 A2

册

.

共24兲

For values of H⭓1 we obtain non-stationary increments and
the theoretical derivation is not valid in this case.
Figure 7 shows the resulting phase diagram in the E-H
plane for several values of the variance  2 . In addition to the
renormalization of the potentials, the numerical procedure
has been the same as for Fig. 6 and again, the transition
points have been determined from the maxima of the fluctuations of the localization length. Note that now the phase
diagram is independent of L. The critical lines are symmetric, H(E)⫽H(⫺E) and the width of the regime of ‘‘extended’’ states 共near the band center for H⬎1/2) decreases
with increasing variance  .
For Hurst exponents H⬍1, we can compare our numerical results with the theoretical predictions of Eq. 共24兲. The
parameters A 1 ,A 2 are the same as in Fig. 6 and B 1 ,B 2 are fit
parameters. The agreement between the theoretical predic-
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FIG. 7. Phase diagram for the Anderson model with rescaled
self-affine potentials generated by Fourier transform 共similar to Ref.
16兲. The transition from apparently extended states to localized
states is shown in the H-E plane for six disorder strengths,  2
⫽0.05 共crosses兲, 0.1 共boxes兲, 0.2 共circles兲, 0.3 共triangles up兲, 0.5
共triangles down兲, 1.0 共diamonds兲. For H⬍1, the theoretical curves
关Eq. 共24兲兴 are included in the figure for each  共dashed lines兲. The
parameters A 1 and A 2 are the same as in Fig. 6 and B 1 ⫽8.8 and
B 2 ⫽1.83 are fit parameters. It has been verified by separate calculations that they are in the right order of magnitude. For H⬍1/2,
apparently extended states do not appear, in agreement with
Ref. 16.

tion and the numerical findings for E c is reasonable. Below
H⫽1/2, the localization lengths increase slower than the system size L.
VII. CONCLUSIONS

In conclusion, we have investigated the localization behavior of quantum particles in linear potential landscapes
with self-affine random potentials, characterized by a Hurst
exponent H⬎0. In this case, the potentials are nonstationary
and we found that a new type of ‘‘strong’’ localization can
occur, as soon as the local potentials exceed the values E
⫾2, where E is the energy. While in the usual Anderson
model, the wave functions have an irregular structure and
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decay roughly exponentially, we find strong localization
characterized by a patchy structure and a nonexponential decay of the wave functions. In the regime of strong localization the system-size dependent localization length decreases
with increasing system size. This behavior is drastically different from the usual Anderson model with uncorrelated potentials, but is a universal feature of all self-affine potentials
with given H independent of the way they are constructed.
Indeed, the potentials always have similar properties as fractional Brownian motion and show similar universal features.
Accordingly, all eigenfunctions are strongly localized, if the
chains are long enough. For each finite chain of length L, we
find a crossover towards strongly localized states, that depends on H and E. In this intermediate case, the usual definition of localization lengths is no longer appropriate, since
the fluctuations become very large. We applied random walk
theory to define a characteristic length scale l(E), which
describes the mean size of the region, where the patchy wave
function is large. Using scaling arguments, we derived an
analytical expression for a phase diagram defining 共for a
given chain length L) the crossover towards a regime of
strongly localized states. We tested this relation for the critical lines by numerical simulations, using the transfer matrix
method.
Finally, we considered a somewhat related model where
the variance  2 of the potential fluctuations is kept fixed for
all system sizes L. Recently, a localization-delocalization
transition has been reported for this model for H⬎1/2,
which, however, is not a generic feature of self-affine potentials with H⬎1/2, but due to the rescaling of the potentials.
We also determined the phase diagram for this case and applied random walk theory to obtain an analytical description
for H⬍1.
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