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We propose a new optimization strategy based on inducing stop-and-go waves on the main road and
controlling their wavelength. Using numerical simulations of a recent stochastic car-following model we show
that this strategy yields optimization of traffic flow when implemented in systems with a localized periodic
inhomogeneity, such as signalized intersections and entry ramps. The optimization process is explained by our
finding of a generalized fundamental diagra®FD) for traffic, namely a flux-density-wavelength relation.
Projecting the GFD on the density-flux plane yields a two-dimensional region of stable states, qualitatively
similar to that found empiricallfKerner, Phys. Rev. LetB1, 3797(1998] in synchronized traffic.
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Traffic flow has been a subject of comprehensive studyance to the car ahead. The constéing a safety time gap,
for more than half a centurjd—20] due to its theoretical and A, k, andv ¢, are constants, and the functidns defined as
practical importance. Recently this field has attracted muclz(x)=(x+ |x|)/2. More details can be found i®]. In the
interest, especially after new empirical and theoretical studnumerical solutions of Eq(1), the random terny’ is real-
ies have shown its clear relation to physical phenomena aked by choosing for each car a random number uniformly
current interest, such as phase transitions, critical phenomlistributed in the range- 0.5n< 5’ <0.57 every time step.
ena, nonlinear dynamics, and chadsr reviews see, e.g., Here we use the same choice of parameters d9Jinvith
[1-3). a=3 m/seé and a numerical time intervalt=0.1 sec.

One of the main open questions in this field regards the (a) Signalized intersectionSignal optimization theories
validity of the basic concept of the “fundamental diagram” [4,21—24 are usually concerned with optimizing global
[4—6]—a functional relation between the flux and the den-quantities such as the total delay time of all drivers in the
sity of cars. This generally recognized relation, used in alsystem. Our aim here is different—to optimize the flux in a
most every study in this field, was challenged recently bygiven direction of an intersection. For simplicity, we consider
empirical findings of Kernef7,8] indicating that such a fun- a single direction(as, e.g., iN21]) and we assume that the
damental diagram does not exist. Instead, stable synchriatersection is occupied by vehicles coming from other di-
nized traffic states display a two-dimensional region in therections for a given portiof®, of the total signal period-.
density-flux plane. Consequently, the wide scattering of datghe rest of the signal period is divided into three parts:
points representing congested traffic cannot be attributegnd 7y are the durations of the green and yellf@] lights,
only to measurement fluctuations, but also to the existence @fnd r_ is a given additional safety red light period. Thus
a range of stable flux values for a given density. The exis=p r+ 74+ 7y+ 7_ . The average flux(7) out of the con-
tence of a range of flux values gives rise to the possibility ofsidered direction is expected to f#1]
manipulating the system in order to achieve the highest pos-
sible flux.

In order to examine this possibility of optimization, we
choose to study systems with a localized periodic inhomoge-
neity. Two types of periodic inhomogeneities are consideredwheref is the constant flux during the green light period.
(a) signalized intersections ar) entry ramps with signal-  Since usuallyr> r_ , the flux should be hardly influenced by
ized entrances. We focus on cases of oversaturation, i.er,
where traffic is congested upstream of the inhomogeneities. However, the results of our simulations shown in Fig. 1
These systems are studied using numerical simulations of g&e different from Eq(2) for both stochastic and determin-
recent car-following mod€]9]. In this model, as well as in istic models. Apart from trivial flux oscillations which are
other microscopic mode[d40-18, traffic is treated as a flow related to the fact that all cars have identical paramé¢gsk
of interacting particles. In inertial car-following models Fig. 1 shows a monotonic increase of the fluas r grows
[9,10,13-15this interaction is defined by a relation betweenfor the deterministic modeh=0. For the stochastic model
the acceleratiom of a car, its headwaypx, velocityv, and >0, however, an optimal signal period can be clearly seen.
velocity difference with the car ahead\v, i.e., a In this case, a crossover is observed from the deterministic

f=fo 1—&—%‘), @

=a(Ax,v,Av). In particular, for the model we ug8] monotonically increasing (7) values to a saturated lower
A 22(— Av) value of the flux of larger. Therefore there exists an optimal
X —Av : . : . :
a=Al1- 270 —KZ(w—vye)+ 7, (1) S|gngl period thz_;lt yields maximal flux. Such influencerof
Ax ) 2(Ax—D) P onf is not explained by Eq(2).

In an attempt to explain these unexpected results, we per-
whereD is the minimal, andAxo=v T+ D the optimal, dis- form extensive simulations of the deterministic modglon
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FIG. 1. Relation between the signal period and flux for the val- 0
ues of acceleration noise amplituge=0,0.5,2,5,10 m/sédtop to < 0.31
bottom. Traffic light parameters are,=1/3 andry=7_=2 sec. q>)
The total number of cars in the systemNs=400 and its length is — 0.3
L=10 km. The nine open circles correspond to the nine instances b )
presented in Fig. 3. Both the increase f@fr) for r>7_ in the =)
deterministic case#=0), and the existence of an optimafor the w 0. e
stochastic model #>0) are unexpected according (). 0.05 0.1 0.15 0.2

-1 -1
homogeneous systems with periodic boundary conditions, A [Veh ]
starting from different initial condition$27]. Figure Za)
presents the flux measured for the steady states of this model
(se€[9]): stop-and-go wavesurface and homogeneous free
and congested flowthick lineg. The projection of the sur-
face in Fig. 2a) on the density-flux planfghin curves in Fig.
2(a)] provides a two-dimensional region of stable states,
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qualitatively similar to that found empirically7,8] for syn-

chronized flow. Thus, in contrast to the common belief that 7;’ [veh_1]

the flux depends only on the density of cdfsndamental

diagrar‘r)., We obtain a generalized fundamental diag{@ig. FIG. 2. (a) The generalized fundamental diagra(@FD):
2(a)] _Wh'Ch shows that the flux depends on two Va”abIes_density-wavelength-flux relation for the different states of the deter-
densityp and wavelengtfi. ministic model on the homogeneous system with periodic boundary

Atypical relation between the flux and the wavelength ofcongitions. Shown are results obtained for different states of the
stop-and-go states for a fixed density is presented in Figjeterministic model: stable stop-and-go wag@sface, and stable
2(b). The simulations, furthermore, show that these stategnd unstable homogeneous stattiick and dotted lines, respec-
become unstable as the noigds increased above a certain tively). The wavelength is defined as the average number of ve-
threshold. The dependence of the instability threshgjdon  hicles between centers of nearest dense regions in stop-and-go traf-
the wavelength\ is shown in Fig. 2c). fic flow. A number of curves with fixed wavelength\ (*

The existence of an optimal signal period can now be=2/60,3/60...,12/60) are projected on the density-flux plane
explained using our finding of the influenceofon the flux  (thin curves. (b) A cross section of(a) for a density p
and on,,. First, it is easy to see that the signal perind =0.06 vehicles/m, demonstrating the typical dependence of the
controls the wavelength of stable stop-and-go waves that flux on the wavelengtric) Noise stability threshold amplitudgy, ,
are induced by the traffic lights, as=v r, wherev is the above which the states presentediih become unstable. From the
wave velocity[6]. From Fig. 2b) it appears that in order to two latter figures it follows that in order to optimize stop-and-go

increase the flux\—and therefore—should be increased Itraﬁltchm thi presence otf noulse, Ilt 1S negessaryhyor:ntchreaste the v;ave-
[28]. For this reason the deterministic model yields a mono-<N9th up o some optimal vajue, above which the stop-and-go

tonically increasing (7) (Fig. 1, upper curve However, for waves would become unstable.

the stochastic modely(>0), states for whichy,(N) <7

become unstable according to Figc2—in particular those instability of the induced waves. The existence of an optimal
with relatively high values of, which in principle should 7 is a result of this effect.

yield higher values of flux. The increase of the flux with  To visualize this process, nine space-time diagrams are
increasingr thus crosses over to lower values due to theplotted in Fig. 3a), in correspondence to the nine instances
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FIG. 4. (8) Relation between a signal period on the entry ramp

and flux on the main road, fd?,=0.7,0.5,0.4,0.2,0.Qtop to bot-
tom), and for noise amplitude;=2m/seé. The total number of
cars in the system isl=300, the system length Is=10 km, and

b the flux is locally measured on the main road at 100 m upstream to
the on-ramp. Here f;;=0.1 vehicles/sec andf,,=0.333

g vehicles/sec(b) A comparison between the optimal fluxipper

/1 curve and the flux without the presence of a traffic ligihwwer
curve, as a function ofy.
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FIG. 3. (a) Space-time diagrams ar®) autocorrelation func-
tions of systems with single traffic light with parameters as the ninewhere a linear interpolation of the discrete functioft) is
instances denoted with open circles in Fig. 1. The position of theused. The bracketé- - -} indicate averaging over timg'.
traffic light is atx=5 km. The major densglack) regions moving  Displayed in Fig. &) are the autocorrelation functions for
upstream in(a) are caused by the red light, and the distance bethe nine instances of Fig.(&, respectively. As can be seen
tween such nearest two regiofmorresponding to the wavelength from this figure,ac,(t=7)=1 for all the =0 instances,
\) is growing asr grows. The gray curves itb) correspond top  jmplying that the flow for these cases is completely periodic,
=0, solid curves to 17:2m/s_e6, and dashed curves to  5nd that the time period af(t) is exactlyr. A comparison of
=5 m/seé. A comparison to Fig. 1 shows that the crossover t0 4| instances shown in Fig.(B) to the data in Fig. 1 shows
reduced values of flux is related to the emergence of small jamsy a1 the flux approaches the deterministic value as long as
nggeﬁzgssidﬁzzofafgith:)ogl(lzlty and reduced values of the aus . 1 1y~ 1 As or 7 are increased, the flow is no longer
v : periodic [ac,(t=7)<1 in Fig. 3b)], small jams emerge
[Fig. 3(@], and the flux becomes lowéFig. 1).

(b) Entry ramp with signalized entrancélext, we study
denoted by circles in Fig. 1. Each dot in the space-time diaanother example of localized inhomogeneity, caused by an
grams represents the position of a single car at a certain timentry ramg 29,30. To make this inhomogeneity periodic, we
so that the dark regions represent dense regions on the roddtroduce traffic signals at the downstream end of the entry
The increase of the dominant wavelength with increasing ramp, and study its effect on the flux on the main road. The
can be easily seen in this figure. But unlike the deterministiancoming vehicles are allowed to enter the main road during
case @p=0) where the flow is highly periodic, in the sto- the green light periodr,, and are delayed during the red
chastic model >0) small jams emerge in the regions of light periodP, 7, so herer=P 7+ 74. Unlike the signalized
low density, when the noise amplitudeor the signal period intersection wherd®, was predetermined, here it is one of
7 exceed certain thresholds. In this case other values dhe optimization parameters, in additionoSimilar to[18],
wavelength which are smaller than that induced by the traffisve introduce an exit ramp at a large distance from the entry
light, are effectively involved. The crossoverfifir) to lower  ramp, so that the total number of cars in the system is con-
values observed in Fig. 1 for the stochastic model is relatederved. The entrance and the exit of cars from the ramps are
to the appearance of these small jams. performed in the same manner ag&j. We focus on cases

To obtain further support of this explanation we evaluate avhere the average flux of the incoming vehicles causes
measure for the periodicity of the flow using single vehiclecongestion on the main roddee[19,20), but the secondary
data collected at the intersection. We calculate the autocorreéead is not congested. Since our goal is to optimize the flux
lation functionac,(t) [17] of the velocity functionuv(t’) on the main road without causing congestion on the second-
measured at the intersection, ary road, we set an upper bound f®f. This bound isP,
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<1—f,/fmax Wheref, .y is the maximal possible value of can be increased by an optimal signalization of entry ramps
the incoming flux, since cars approach the queue upstream to control and stabilize stop-and-go waves.
the traffic light with ratef;,,, and this queue is discharged In addition to the two studied systems, the new optimiza-
with rate f,,,,, during the green light. tion approach may also be efficient in traffic control systems
Typical relations between flux and the signal period arethat are based on varying speed limits along the road. In
plotted in Fig. 4a) for different values ofP, and for » these systems, stop-and-go traffic waves can be controlled
=2 m/seé. Note that the curve corresponding to an unsig-[31], and therefore they can also be optimized using this
nalized entry rampR,=0) is the lowest, implying that the approach.
introduction of a traffic light increases the flux on the main  To summarize, this work was motivated by the experi-
road. Moreover, the increase in the flux on the main road isnental findings of a two-dimensional representation of syn-
obtained without causing congestion on the secondary roadhronized flow in the density-flux plai&,8]. Using a deter-
The relative increase in the flux due to the introduction of aministic car following mode[9] we are able to show that the
traffic light with optimal parameterfFig. 4(b)] varies from fundamental diagram has to be generalized to include an-
1.0% for =10 m/seé, through 10.0% forp=2 m/seé,  other variable, the wavelength of the stop-and-go waves. The
and up to 13.9% fom=0. This increase of the flukhas projection of the generalized fundamental diagi@#D) on
even a more significant influence on the growth rate of thehe density-flux plane yields a two-dimensional region of
congested section of highway upstream of the entry rampstable states, qualitatively similar to that found experimen-
since this rate is proportiong6] to f'—f, wheref’ is the tally for synchronized flow. We use the GFD to propose a
flux upstream to this region. These results suggest that everovel strategy for traffic optimization, based on inducing
when congestion of real traffic cannot be relieved, the fluxstable stop-and-go waves yielding the maximal flux.
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